In this paper we study the harmonic functions and the Dirichlet eigenfunctions of the Hata set, and their restrictions to the interval [ , ], its main edge. We prove that these restrictions of the harmonic functions are singular, i.e. monotone and with zero derivatives almost everywhere, and provide numerical evidence that this is also the case for the Dirichlet eigenfunctions.
Introduction
Interest in the study of analysis in fractals has increased since the publication of Kigami's papers [ , ] . In particular, there has been interest in the explicit construction of harmonic functions and the eigenfunctions of the Laplacian of a postcritically finite (PCF) set. In [ ], Dalrymple, Strichartz and Vinson described algorithms for the construction of harmonic functions and the eigenfunctions in the Sierpiński gasket. The construction of harmonic functions is achieved by the general algorithm for PCF sets described in [ , Chapter ] , while the construction of the eigenfunctions is achieved by decimation [ ] (see also [ , Chapter ] for a detailed explanation of the decimation method). The explicit construction of harmonic functions or eigenfunctions has been done in other fractals, as the Vicsek set [ ] (where one also has decimation) and the pentakun [ ] (where one does not have decimation).
In [ ], Dalrymple, Strichartz and Vinson also described algorithms for the restriction of harmonic functions and the eigenfunctions to the edges of the Sierpiński gasket, allowing us to visualize them as functions on the interval [ , ] . Demir, Dzhafarov, Koçak and Üreyen [ ] observed that these functions have zero derivatives on a dense subset of [ , ] . Later, De Amo, Díaz Carrillo and Fernández Sánchez [ ] proved that such restrictions are singular functions whenever they are monotone, i.e. that have zero derivatives almost everywhere.
In this paper we construct the harmonic functions and the Dirichlet eigenfunctions for the harmonic structure of the Hata set [ ], and their restrictions to the interval [ , ] , the longest edge contained in the set. Since the Hata set does not have decimation, we have to construct the eigenfunctions by the finite element method [ ]. Moreover, the Hata set has a natural family of harmonic structures, so we study the properties of these restrictions with respect to the parameter of the family.
In Section , we describe the family of harmonic structures of the Hata set and explicitly calculate its Laplacians. In Section we construct the harmonic functions, its restrictions, and study whether these restrictions are singular functions. In Section we explicitly describe the Laplacian with respect to a self-similar homogenous measure. In Section we study the Dirichlet eigenfunctions, as well as its restrictions, and give numerical evidence to decide whether they are also singular.
Harmonic structure
The Hata tree set is the unique compact set K ⊂ ℂ such that
where the functions F , F : K → K are given by F (z) = αz and F (z) = ( − |α| )z + |α| , and α ∈ ℂ is such that < |α|, | − α| < (see [ , ] ). For m ≥ , we define W m = { , } m , and each w ∈ W m is called a word of length m. For m = , we set W = { }, and is called the empty word. If w ∈ W m , we define F w = F w ∘ ⋅ ⋅ ⋅ ∘ F w m , and K w = F w (K) is called a cell. F is the identity and K = K.
Observe that the points and are the fixed points of F and F , respectively, α = F ( ), and
Hence, the critical set is given by C = {|α| } and the post-critical set, its boundary, is
, and ∈ F − (C). V does not contain any other point since and are the fixed points of F and F , respectively (see Figure ) . We will denote the points α, , and by p , p , and p , respectively. We observe that K \ V is disconnected. We call L the closure of the connected component of K \ V that contains the interval ( , ), and M the closure of the component that contains the open segment from to α.
We denote by V m the set {F w (p) : w ∈ W m , p ∈ V }. Observe that V m ⊂ V m+ . We write V * = ⋃ m≥ V m . Each element of V * is called a vertex. Note that any intersection K w ∩ K w ὔ , w, w ὔ ∈ W m , w ̸ = w ὔ , is either empty or contains only one vertex.
If w ∈ W m , we define p wi = F w (p i ) for i = , , . We note that p = p and that
As points in V m , m ≥ , we see that p = p ... , p = p ... , and Figure ) . A point in V m has only one adjacent vertex if it is of the form p w or p w ; otherwise it has three adjacent vertices in V m , except for p , which has only two. (We note that, since p = p , we have p w = p w and p w = p w . Thus, points of the form p w may have one or three adjacent vertices, depending on the last term of w.)
To construct a harmonic structure on the Hata set K, we need a Laplacian D on V . Using the standard base {χ α , χ , χ }, where each χ p is the indicator function defined by χ {p} (p) = and χ {p} (q) = if q ∈ V , q ̸ = p, we see that the matrix D must be of the form
for some h > , because D must be symmetric, and D α, = since α and are not adjacent in V . Note that we only have one parameter h because any multiple of a Laplacian inducing a harmonic structure will induce the same harmonic structure. For a finite set V, let l(V) be the set of functions on V. For r , r > , define the operator
where 
It is not hard to see that H is a Laplacian on V . We write the matrix ( . ) as
where T is a × matrix, J a × matrix, and X a × matrix, corresponding to operators 
if p = p w and in no other cell,
The Laplacian at the points p and p is given by the last line of ( . ) for m ≥ , while for p = p it is given by
where w = ( , , . . . , ) ∈ W m is the word with m ones. Note that r w = r m .
The sequence H m of operators satisfies the compatibility condition [ ]
Observe that we have a family of harmonic structures for K, parameterized by h. For each h > , the Hausdor dimension with respect to the resistance metric [ ] is the unique d such that
We note that, since 
Harmonic functions
In this section we describe an algorithm to construct harmonic functions on V * from any boundary values on V . We say that T w ⊂ V m is a minimal cell in V m , if T w is a set of three vertices of the form p w , p w , and p w , with w ∈ W m . As points in V m+ , we have that
and the "new points" in V m+ , contained in K w , are then p w = p w and p w . In other words, K w ∩ V m+ is the union of the minimal cells in V m+ :
Given a harmonic function on V m , we want to extend it to a harmonic function on V m+ . The extension from T w to T w ∪ T w is given by the following algorithm.
Algorithm . . Let u be a harmonic function on V m . If, for each w ∈ W m , T w is a minimal cell in V m , and we extend u to T w ∪ T w with
then u is harmonic in V m+ .
Proof. As above, we write the matrix ( . ) with respect to the basis
Multiplying the matrices, and by the compatibility of the sequence of H m (see [ ]), we obtain the result.
Algorithm . allows us to construct harmonic functions on the Hata set with arbitrary precision, with any particular value of the parameter h. Proof. Since |α| = p = F (F ( )) and F (F (x)) = |α| x, F (x) = ( − |α| )x + |α| , we see that equation ( . a) implies that f satisfies the system of equations
Hence f is essentially the same as Lebesgue's singular function, and the result of the theorem follows as in [ , Section . ] .
We note that, if h = /|α|, then we have f(x) = x. Recall that d coincides with the Euclidean Hausdor dimension precisely when h = /|α|.
Laplacian
In this section we explicitly calculate the Laplacian ∆ on the Hata set K with respect to the self-similar measure μ with weights , and , respectively. Observe that, in the case h = /|α|, such restriction is a line. Otherwise, it is a singular function.
Although one can define the Laplacian with respect to any Borel measure on K, the self-similar measure μ is a natural choice because it is comparable to the Hausdor measure with respect to the resistance metric [ ] and, moreover, is homogenous with respect to this metric [ ].
As in [ , Section . ] , the domain D of the operator ∆ is given by the set of continuous functions u on K such that there exists a continuous function f with
where μ m p = ∫ K ψ m p dμ, the integral of the m-harmonic spline ψ m p that satisfies
If u ∈ D and f is as in ( . ), then we write ∆u = f . We can then approximate explicitly ∆u once we calculate the normalizing numbers μ m p . We can calculate these numbers using the self-similarity of μ. Indeed, , where μ w = μ w ⋅ ⋅ ⋅ μ w m . Thus it is su cient to calculate the three numbers μ α , μ , and μ corresponding to α, , and , the points in V .
Again, using the self-similarity of μ, we observe that, by Algorithm . ,
Thus, μ α , μ , and μ satisfy the system of equations
where we have already used the fact μ + μ = . Moreover, as the sum ψ α + ψ + ψ is the constant function , we also have
Solving this system, we obtain
Dirichlet spectrum
We now proceed to study the Dirichlet spectrum of ∆. In order to state the general properties of the spectrum, we first define a Dirichlet form on L (K). The details can be found in [ , Chapter ]. For each m ≥ , define the binary form
For m = , we take H = D. The compatibility condition of the H m is equivalent to the fact that, given
In particular, for any u ∈ l(V * ) the sequence E m (u| V m , u| V m ) is increasing and, if u is harmonic,
Now, we define the subset F ⊂ C(K) of continuous functions on K such that E m (u| V m , u| V m ) is bounded. We thus define the symmetric nonnegative bilinear form E on F by , and its derived eigenfunction ϕ = χ K ⋅ ϕ ∘ F − , λ ≈ . , approximated to the th iteration, with α = / + i/ . Note that ϕ is supported in L and ϕ is supported in M.
As the sequence E m (u| V m , u| V m ) is increasing and bounded, the limit exists for u ∈ F. It is easy to see that E(u, u) = only for constant functions and that E satisfies the Markov property. Also, E satisfies the selfsimilarity property
, and its corresponding nonnegative definite self-adjoint operator H has compact resolvent. H is called the Dirichlet Laplacian. One can also show that ϕ ∈ dom H and Hϕ = λϕ is equivalent to ϕ ∈ F and equivalent to
which in turn is equivalent to ϕ ∈ dom ∆ and ∆ϕ = −λϕ (see [ , Chapter ] ). We use the finite element method in order to approximate the eigenvalues and eigenfunctions of ∆. We present a summary of the observations obtained numerically by solving the system of equations
where
. We observe that we do not have decimation [ ] on the Hata set, since some differences between adjacent points appear in the Laplacians H m for di erent m. For example, the di erence u(p ) − u(p ) appears in H u(p ) and in H u(p ), and hence we cannot restrict the solution of the equa-
Recall that L is the closure of the connected component of K \ V that contains the interval ( , ), and M the closure of the component that contains the open segment from to α. The equations ( . ) imply that if ϕ is a Dirichlet eigenfunction with supp ϕ ∩ L ̸ = and supp ϕ ∩ M ̸ = , then ϕχ L and ϕχ M are Dirichlet eigenfunction with respect to the same eigenvalue. Thus, linearly independent Dirichlet eigenfunctions are supported either in L or M.
We observe numerically that the Dirichlet ground state is supported in L, as observed in Figure ( Proof.
In the first case, clearly ϕ(x) = because χ K (x) = , unless x = |α| , the critical point. But in that case x ∈ L ∩ K , and
since ϕ is supported in L. Therefore ϕ is supported in M. Now, for u ∈ F , by the self-similarity of the Dirichlet form E, we have where we have used the fact that ϕ is supported in K and ϕ is a Dirichlet eigenfunction with respect to λ. On the other hand, by the self-similarity of the measure μ, we have Figure (right) shows the eigenfunction corresponding to the eigenvalue λ = λ /r μ ≈ . , where λ is the first Dirichlet eigenvalue (h = ). Proposition . lets us classify the Dirichlet eigenvalues (and eigenfunctions) in two classes, which we will call "primary" and "derived". Table shows the approximations to the first Dirichlet eigenvalues, for h = / , , and . We note that the derived eigenvalues appear in di erent positions in the sequence λ k , depending on h, and they seem to be more sparse as h increases. Recall that, in the case of the harmonic functions, if q ∈ V m+ ∩ [ , ] is the middle point between the points x, y ∈ V m ∩ [ , ], then the harmonic function u satisfies
where θ = /h . We observe that they are closely equal to /h , with better approximations as h increases. We show the two iterations m = and m = in order to find out if the same proportions are preserved through two levels. As the θ are preserved through di erent iterations, we are lead to conjecture that the restrictions to [ , ] of the Dirichlet eigenfunctions of the Laplacian with respect to h ̸ = /|α| are singular functions whenever they are monotone, as in the case of the harmonic functions.
Conclusions
We have studied harmonic and Dirichlet eigenfunctions for the family of harmonic structures of the Hata set K parametrized by h > . The former can be constructed by means of the known algorithms for harmonic functions on PCF sets, and one observes that, when restricted to the interval [ , ], the longest edge in K, one obtains singular functions for all but one value of the parameter h. In fact, we observed that the only value of h for which these restrictions are not singular coincides with the value such that the Hausdor dimensions of K with respect to the Euclidean and resistance metrics are the same.
As is known, restrictions of harmonic functions to the edges of the Sierpiński gasket are also singular. This leads us to ask whether this behavior is typical for harmonic functions on PCF sets. Moreover, since we know that in the case of the Hata set K such functions are not singular for a particular embedding K in the plane (given h, one can choose α such that |α| = /h), one can also ask whether, for every PCF set, there exists an embedding such that these restrictions are not singular. In particular, is this true for the Sierpiński gasket?
The same questions can be asked for the eigenfunctions of a PCF set. We have numerical evidence for the case of the Hata set, and one can start by studying those PCF sets with decimation. In particular, do the eigenfunctions on the Sierpiński gasket have singular restrictions to the edges? , and , respectively, with α = / + i/ . The line corresponds to /h , and the plot range is /h ± . .
